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Solution

To solve the exponential inequality 2(31−2𝑥) < 5𝑥, we apply logarithmic properties to isolate 

the variable 𝑥.

1. Apply logarithms to both sides Since both sides of the inequality are positive, we can 

take the natural logarithm (ln) of both sides. Because ln(𝑥) is a strictly increasing function, 

the direction of the inequality remains unchanged:

ln(2 ⋅ 31−2𝑥) < ln(5𝑥)

2. Expand using logarithmic properties Using the product rule ln(𝑎𝑏) = ln 𝑎 + ln 𝑏 and the 

power rule ln(𝑎𝑏) = 𝑏 ln 𝑎:

ln 2 + ln(31−2𝑥) < 𝑥 ln 5

ln 2 + (1 − 2𝑥) ln 3 < 𝑥 ln 5

3. Isolate the variable 𝑥 Distribute ln 3 and group all terms containing 𝑥 on one side:

ln 2 + ln 3 − 2𝑥 ln 3 < 𝑥 ln 5

ln 2 + ln 3 < 𝑥 ln 5 + 2𝑥 ln 3

ln(2 ⋅ 3) < 𝑥(ln 5 + 2 ln 3)

ln 6 < 𝑥(ln 5 + ln 32)

ln 6 < 𝑥(ln 5 + ln 9)

ln 6 < 𝑥 ln(5 ⋅ 9)

ln 6 < 𝑥 ln 45

4. Solve for 𝑥 Since 45 > 1, ln 45 is a positive value. Dividing both sides by ln 45 preserves the 

inequality sign:

𝑥 >
ln 6

ln 45

5. Boundary Case Verification Testing the boundary 𝑥 = ln 6
ln 45 :

2(31−2 ln 6
ln 45 ) = 2 ⋅ 3 ⋅ 3−2 ln 6

ln 45 = 6 ⋅ (3log3 45)− ln 6
ln 45

Using base change: 
ln 6

ln 45
= log45 6

6 ⋅ 3−2 log45 6 = 6 ⋅ (32)− log45 6 = 6 ⋅ 9− log45 6

At the boundary: 2(31−2𝑥) = 5𝑥 ⟹ ln 6 = 𝑥 ln 45 ⟹ 𝑥 =
ln 6

ln 45

The boundary condition holds exactly. Since the original inequality was strictly “less than”, 

and the coefficient of 𝑥 in the final step was positive, the solution set is all values greater 

than the critical point.

𝑥 >
ln 6

ln 45
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1. Binomial Expansion of (2 − 3𝑥)−2

To expand (2 − 3𝑥)−2 using the Binomial Theorem for a general power, we first rewrite the 

expression in the standard form (1 + 𝑢)𝑛 by factoring out the constant term.

• Step 1: Factor out the constant

(2 − 3𝑥)−2 = [2(1 − 3
2
𝑥)]

−2

= 2−2(1 − 3
2
𝑥)

−2

= 1
4
(1 − 3

2
𝑥)

−2

• Step 2: Apply the Binomial Series formula The general expansion for (1 + 𝑢)𝑛 is given by:

(1 + 𝑢)𝑛 = 1 + 𝑛𝑢 + 𝑛(𝑛 − 1)
2!

𝑢2 +…

Substituting 𝑛 = −2 and 𝑢 = −3
2𝑥:

(1 − 3
2
𝑥)

−2
= 1 + (−2)(−3

2
𝑥) + (−2)(−3)

2
(−3

2
𝑥)

2
+…

= 1 + 3𝑥 + 3(9
4
𝑥2) +…

= 1 + 3𝑥 + 27
4
𝑥2 +…

• Step 3: Multiply by the external factor

(2 − 3𝑥)−2 = 1
4
(1 + 3𝑥 + 27

4
𝑥2 +…)

= 1
4
+ 3
4
𝑥 + 27

16
𝑥2 +…

2. Validity of the Expansion

The radius of convergence for the binomial series (1 + 𝑢)𝑛 requires that | 𝑢 | < 1. In this 

specific case, the variable part of the binomial is 𝑢 = −3
2𝑥.

• Step 1: Set up the inequality

|−3
2
𝑥| < 1

• Step 2: Solve for 𝑥



3
2
| 𝑥 | < 1

| 𝑥 | < 2
3

This can also be expressed as −2
3 < 𝑥 < 2

3 .

Final Answer:

(a) 1
4 +

3
4𝑥 +

27
16𝑥

2

(b) | 𝑥 | < 2
3
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1. Expansion of Trigonometric Terms

To express the equation tan(𝜃 + 60∘) = 2 + tan(60∘ − 𝜃) in terms of tan 𝜃, we apply the tangent 

addition and subtraction formulas:

tan(𝐴 ± 𝐵) = tan𝐴 ± tan𝐵
1 ∓ tan𝐴 tan𝐵

Given tan 60∘ =
√
3, we substitute this into the expansions:

• tan(𝜃 + 60∘) = tan 𝜃+
√
3

1−
√
3 tan 𝜃

• tan(60∘ − 𝜃) =
√
3−tan 𝜃

1+
√
3 tan 𝜃

Substituting these into the original equation:

tan 𝜃 +
√
3

1 −
√
3 tan 𝜃

= 2 +
√
3 − tan 𝜃

1 +
√
3 tan 𝜃

2. Derivation of the Quadratic Equation

Let 𝑥 = tan 𝜃. The equation becomes:

𝑥 +
√
3

1 −
√
3𝑥

−
√
3 − 𝑥

1 +
√
3𝑥

= 2

To simplify, find a common denominator for the left-hand side:

(𝑥 +
√
3)(1 +

√
3𝑥) − (

√
3 − 𝑥)(1 −

√
3𝑥)

(1 −
√
3𝑥)(1 +

√
3𝑥)

= 2

(𝑥 +
√
3𝑥2 +

√
3 + 3𝑥) − (

√
3 − 3𝑥 − 𝑥 +

√
3𝑥2)

1 − 3𝑥2
= 2

(
√
3𝑥2 + 4𝑥 +

√
3) − (

√
3𝑥2 − 4𝑥 +

√
3)

1 − 3𝑥2
= 2

8𝑥
1 − 3𝑥2

= 2

Dividing both sides by 2 and rearranging:

4𝑥
1 − 3𝑥2

= 1

4𝑥 = 1 − 3𝑥2

3𝑥2 + 4𝑥 − 1 = 0

Thus, the quadratic equation in tan 𝜃 is:

3 tan2 𝜃 + 4 tan 𝜃 − 1 = 0

3. Solving for 𝜃



We solve the quadratic equation 3𝑥2 + 4𝑥 − 1 = 0 using the quadratic formula:

𝑥 =
−4 ±√42 − 4(3)(−1)

2(3)

= −4 ±
√
16 + 12
6

= −4 ±
√
28

6
= −4 ± 2

√
7

6
= −2 ±

√
7

3

Calculating the numerical values for tan 𝜃:

• tan 𝜃1 = −2+
√
7

3 ≈ 0.21525

• tan 𝜃2 = −2−
√
7

3 ≈ −1.54858

Now, we find the values of 𝜃 in the interval 0∘ ≤ 𝜃 ≤ 180∘:

• For tan 𝜃1 ≈ 0.21525:

𝜃1 = arctan(0.21525) ≈ 12.1448∘

• For tan 𝜃2 ≈ −1.54858: Since the tangent is negative, 𝜃 must be in the second quadrant 

(90∘ < 𝜃 < 180∘):

𝜃2 = 180∘ + arctan(−1.54858) ≈ 180∘ − 57.1448∘ = 122.8552∘

Rounding to one decimal place:

𝜃 = 12.1∘, 122.9∘
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To find the stationary point of the curve 𝑦 = 𝑒2𝑥(sin 𝑥 + 3 cos 𝑥) in the interval 0 ≤ 𝑥 ≤ 𝜋, we 

follow the principles of differential calculus.

1. Finding the first derivative A stationary point occurs where the first derivative 𝑑𝑦/𝑑𝑥 is 

equal to zero. We apply the product rule, which states that for 𝑦 = 𝑢𝑣, 𝑑𝑦/𝑑𝑥 = 𝑢′𝑣 + 𝑢𝑣′. Let 

𝑢 = 𝑒2𝑥 and 𝑣 = sin 𝑥 + 3 cos 𝑥.

• 𝑢′ = 2𝑒2𝑥

• 𝑣′ = cos 𝑥 − 3 sin 𝑥

The derivative is:

𝑑𝑦

𝑑𝑥
= 2𝑒2𝑥(sin 𝑥 + 3 cos 𝑥) + 𝑒2𝑥(cos 𝑥 − 3 sin 𝑥)

= 𝑒2𝑥[2 sin 𝑥 + 6 cos 𝑥 + cos 𝑥 − 3 sin 𝑥]

= 𝑒2𝑥(7 cos 𝑥 − sin 𝑥)

2. Solving for the x-coordinate Set 𝑑𝑦/𝑑𝑥 = 0:

𝑒2𝑥(7 cos 𝑥 − sin 𝑥) = 0

Since 𝑒2𝑥 ≠ 0 for all real 𝑥, we must have:

7 cos 𝑥 − sin 𝑥 = 0

sin 𝑥 = 7 cos 𝑥

tan 𝑥 = 7

We solve for 𝑥 in the interval 0 ≤ 𝑥 ≤ 𝜋:

𝑥 = arctan(7) ≈ 1.428899...

Rounding to 2 decimal places, we obtain 𝑥 ≈ 1.43.

3. Determining the nature of the stationary point To determine if the point is a maximum 

or minimum, we evaluate the second derivative 𝑑2𝑦/𝑑𝑥2 at 𝑥 = arctan(7). Starting from 

𝑑𝑦/𝑑𝑥 = 𝑒2𝑥(7 cos 𝑥 − sin 𝑥):

𝑑2𝑦

𝑑𝑥2
= 2𝑒2𝑥(7 cos 𝑥 − sin 𝑥) + 𝑒2𝑥(−7 sin 𝑥 − cos 𝑥)

= 𝑒2𝑥[14 cos 𝑥 − 2 sin 𝑥 − 7 sin 𝑥 − cos 𝑥]

= 𝑒2𝑥(13 cos 𝑥 − 9 sin 𝑥)

At the stationary point, we know sin 𝑥 = 7 cos 𝑥. Substituting this into the second derivative 

expression:



𝑑2𝑦

𝑑𝑥2
= 𝑒2𝑥(13 cos 𝑥 − 9(7 cos 𝑥))

= 𝑒2𝑥(13 cos 𝑥 − 63 cos 𝑥)

= −50𝑒2𝑥 cos 𝑥

Since 𝑥 = arctan(7) is in the first quadrant (0 < 𝑥 < 𝜋/2), cos 𝑥 > 0. Also, 𝑒2𝑥 > 0. Therefore, 

𝑑2𝑦/𝑑𝑥2 = −50𝑒2𝑥 cos 𝑥 < 0. According to the second derivative test, a negative second 

derivative indicates a local maximum.

[Visualization]

(a) The x-coordinate is 1.43 . (b) The stationary point is a maximum .
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1. Polynomial Division

To find the quotient and remainder of the division of 𝑃(𝑥) = 2𝑥3 − 𝑥2 + 6𝑥 + 3 by 𝐷(𝑥) = 𝑥2 +
3, we use polynomial long division.

• Step 1: Divide the leading term of the dividend (2𝑥3) by the leading term of the divisor (𝑥2).

2𝑥3

𝑥2 = 2𝑥

This is the first term of the quotient.

• Step 2: Multiply the divisor by 2𝑥 and subtract from the dividend.

(2𝑥3 − 𝑥2 + 6𝑥 + 3) − 2𝑥(𝑥2 + 3) = (2𝑥3 − 𝑥2 + 6𝑥 + 3) − (2𝑥3 + 6𝑥) = −𝑥2 + 3

• Step 3: Divide the leading term of the new polynomial (−𝑥2) by the leading term of the 

divisor (𝑥2).

−𝑥2

𝑥2 = −1

This is the second term of the quotient.

• Step 4: Multiply the divisor by −1 and subtract.

(−𝑥2 + 3) − (−1)(𝑥2 + 3) = (−𝑥2 + 3) − (−𝑥2 − 3) = 6

The quotient is 2𝑥 − 1 and the remainder is 6. Thus, we can write:

2𝑥3 − 𝑥2 + 6𝑥 + 3
𝑥2 + 3

= 2𝑥 − 1 + 6
𝑥2 + 3

Quotient: 2𝑥 − 1,  Remainder: 6

2. Definite Integral

Using the result from part (a), we evaluate the definite integral:

𝐼 = ∫
3

1
(2𝑥 − 1 + 6

𝑥2 + 3
)𝑑𝑥

• Step 1: Split the integral into basic components.

𝐼 = ∫
3

1
(2𝑥 − 1)𝑑𝑥 + ∫

3

1

6
𝑥2 + 3

𝑑𝑥

• Step 2: Evaluate the polynomial part.



∫
3

1
(2𝑥 − 1)𝑑𝑥 = [𝑥2 − 𝑥]3

1

= (32 − 3) − (12 − 1)
= (9 − 3) − (0)
= 6

• Step 3: Evaluate the rational part using the standard integral ∫ 1
𝑥2+𝑎2 𝑑𝑥 = 1

𝑎 arctan(𝑥
𝑎) + 𝐶. 

Here, 𝑎2 = 3, so 𝑎 =
√

3.

∫
3

1

6
𝑥2 + 3

𝑑𝑥 = 6[ 1√
3

arctan( 𝑥√
3
)]

3

1

= 6√
3
(arctan( 3√

3
) − arctan( 1√

3
))

= 2
√

3(arctan(
√

3) − arctan(
√

3
3

))

• Step 4: Substitute the known values for the inverse trigonometric functions.

arctan(
√

3) = 𝜋
3

arctan(
√

3
3

) = 𝜋
6

2
√

3(𝜋
3

− 𝜋
6
) = 2

√
3(𝜋

6
)

=
√

3𝜋
3

• Step 5: Combine the results.

𝐼 = 6 +
√

3𝜋
3

6 +
√

3𝜋
3
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1. Derivation of the equation for 𝑥

• The shaded region is bounded by the tangents 𝐴𝑇  and 𝐵𝑇  and the minor arc 𝐴𝐵.

• Since 𝐴𝑇  and 𝐵𝑇  are tangents to the circle at 𝐴 and 𝐵, the angles ∠𝑂𝐴𝑇  and ∠𝑂𝐵𝑇  are 

right angles (90∘ or 𝜋/2 rad).

• The line 𝑂𝑇  bisects the angle ∠𝐴𝑂𝐵. Therefore, in the right-angled triangle △𝑂𝐴𝑇 :

∠𝐴𝑂𝑇 = 1
2
∠𝐴𝑂𝐵 = 1

2
(2𝑥) = 𝑥 rad

• Using trigonometry in △𝑂𝐴𝑇 :

tan 𝑥 = 𝐴𝑇
𝑂𝐴

= 𝐴𝑇
𝑟

⟹ 𝐴𝑇 = 𝑟 tan 𝑥

• The area of the quadrilateral 𝑂𝐴𝑇𝐵 is the sum of the areas of two congruent triangles, △
𝑂𝐴𝑇  and △𝑂𝐵𝑇 :

Area𝑂𝐴𝑇𝐵 = 2 × (1
2
× 𝑂𝐴×𝐴𝑇) = 𝑟 × (𝑟 tan 𝑥) = 𝑟2 tan 𝑥

• The area of the sector 𝑂𝐴𝐵 is given by:

Areasector =
1
2
𝑟2(2𝑥) = 𝑟2𝑥

• The area of the shaded region is the difference between the area of the quadrilateral and 

the area of the sector:

Areashaded = 𝑟2 tan 𝑥 − 𝑟2𝑥 = 𝑟2(tan 𝑥 − 𝑥)

• Given that the area of the shaded region is equal to the area of the circle (𝜋𝑟2):

𝑟2(tan 𝑥 − 𝑥) = 𝜋𝑟2

tan 𝑥 − 𝑥 = 𝜋

tan 𝑥 = 𝜋 + 𝑥

2. Verification of the root interval

• Let 𝑓(𝑥) = tan 𝑥 − 𝑥 − 𝜋. We check for a sign change between 𝑥 = 1 and 𝑥 = 1.4.

• For 𝑥 = 1:

𝑓(1) = tan(1) − 1 − 𝜋 ≈ 1.5574 − 1 − 3.1416 = −2.5842

• For 𝑥 = 1.4:

𝑓(1.4) = tan(1.4) − 1.4 − 𝜋 ≈ 5.7979 − 1.4 − 3.1416 = 1.2563



• Since 𝑓(1) < 0 and 𝑓(1.4) > 0, and 𝑓(𝑥) is continuous on the interval [1, 1.4] (as 1.4 < 𝜋/2), by 

the Intermediate Value Theorem, there must be at least one root in the interval (1, 1.4).

3. Iterative solution

• We use the iterative formula 𝑥𝑛+1 = tan−1(𝜋 + 𝑥𝑛). We choose a starting value within the 

interval, for example, 𝑥0 = 1.2.

• Iteration 1:

𝑥1 = tan−1(𝜋 + 1.2) = tan−1(4.34159...) ≈ 1.3443

• Iteration 2:

𝑥2 = tan−1(𝜋 + 1.3443) = tan−1(4.48589...) ≈ 1.3514

• Iteration 3:

𝑥3 = tan−1(𝜋 + 1.3514) = tan−1(4.49299...) ≈ 1.3518

• Iteration 4:

𝑥4 = tan−1(𝜋 + 1.3518) = tan−1(4.49339...) ≈ 1.3518

The values have converged to four decimal places. Rounding to two decimal places, we get 

𝑥 ≈ 1.35.

𝑥 = 1.35
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1. Differentiation of the function

To find the derivative of 𝑓(𝑥) = cos 𝑥
1+ sin𝑥 , we apply the quotient rule:

𝑑
𝑑𝑥

[𝑢(𝑥)
𝑣(𝑥)

] = 𝑢′(𝑥)𝑣(𝑥) − 𝑢(𝑥)𝑣′(𝑥)
[𝑣(𝑥)]2

• Let 𝑢(𝑥) = cos 𝑥, then 𝑢′(𝑥) = − sin 𝑥.

• Let 𝑣(𝑥) = 1 + sin 𝑥, then 𝑣′(𝑥) = cos 𝑥.

Substituting these into the quotient rule formula:

𝑓 ′(𝑥) = (− sin 𝑥)(1 + sin 𝑥) − (cos 𝑥)(cos 𝑥)
(1 + sin 𝑥)2

= −sin 𝑥 − sin2 𝑥 − cos2 𝑥
(1 + sin 𝑥)2

= −sin 𝑥 − (sin2 𝑥 + cos2 𝑥)
(1 + sin 𝑥)2

Using the Pythagorean identity sin2 𝑥 + cos2 𝑥 = 1:

𝑓 ′(𝑥) = − sin 𝑥 − 1
(1 + sin 𝑥)2

= −(1 + sin 𝑥)
(1 + sin 𝑥)2

= − 1
1 + sin 𝑥

Analysis of the sign of 𝑓 ′(𝑥):

• For the interval −1
2𝜋 < 𝑥 < 3

2𝜋, the value of sin 𝑥 ranges from −1 < sin 𝑥 ≤ 1.

• Specifically, sin 𝑥 = −1 only at 𝑥 = −1
2𝜋 and 𝑥 = 3

2𝜋, which are the boundaries (not included 

in the open interval).

• Therefore, for all 𝑥 in (−1
2𝜋,

3
2𝜋), we have sin 𝑥 > −1.

• This implies 1 + sin 𝑥 > 0.

• Since the denominator is positive and the numerator is −1, 𝑓 ′(𝑥) < 0 for all 𝑥 in the given 

interval.

2. Integration of the function

To find the definite integral 𝐼 = ∫
1
2𝜋
1
6𝜋

cos 𝑥
1+ sin𝑥𝑑𝑥, we use the method of u-substitution.

• Let 𝑢 = 1 + sin 𝑥.

• Then 𝑑𝑢 = cos 𝑥 𝑑𝑥.



Change of limits:

• When 𝑥 = 1
6𝜋, 𝑢 = 1 + sin(16𝜋) = 1 + 1

2 = 3
2 .

• When 𝑥 = 1
2𝜋, 𝑢 = 1 + sin(12𝜋) = 1 + 1 = 2.

Substituting into the integral:

𝐼 = ∫
2

3/2

1
𝑢
𝑑𝑢

= [ln| 𝑢 |]23/2

= ln(2) − ln(3
2
)

Using the logarithm power rule ln 𝑎 − ln 𝑏 = ln(𝑎𝑏 ):

𝐼 = ln( 2
3/2

)

= ln(4
3
)

The exact value of the integral is:

ln(4
3
)
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1. Formulation of the Differential Equation

The problem states that the gradient of the curve at any point (𝑥, 𝑦) is proportional to 𝑦
𝑥
√

𝑥 . In 

calculus, the gradient is represented by the derivative 𝑑𝑦
𝑑𝑥 . We can express this relationship as:

𝑑𝑦
𝑑𝑥

= 𝑘 𝑦
𝑥
√

𝑥

where 𝑘 is a constant of proportionality. Since 𝑥
√

𝑥 = 𝑥3/2, the equation becomes:

𝑑𝑦
𝑑𝑥

= 𝑘 𝑦
𝑥3/2

2. Solving the Differential Equation

To solve this, we use the method of separation of variables:

• Rearrange the terms to group 𝑦 on the left and 𝑥 on the right:

1
𝑦
𝑑𝑦 = 𝑘𝑥−3/2𝑑𝑥

• Integrate both sides:

∫ 1
𝑦
𝑑𝑦 = ∫ 𝑘𝑥−3/2𝑑𝑥

• Applying the power rule for integration:

ln| 𝑦 | = 𝑘𝑥−1/2

−1/2
+ 𝐶

ln| 𝑦 | = −2𝑘𝑥−1/2 + 𝐶

• For simplicity, let 𝐴 = −2𝑘. The equation is:

ln| 𝑦 | = 𝐴√
𝑥

+ 𝐶

3. Determining the Constants

The curve passes through the points (1, 1) and (4, 𝑒). We use these boundary conditions to 

find 𝐴 and 𝐶.

• Using point (1, 1):

ln(1) = 𝐴√
1

+ 𝐶

0 = 𝐴 + 𝐶 ⟹ 𝐶 = −𝐴

• Using point (4, 𝑒):



ln(𝑒) = 𝐴√
4

+ 𝐶

1 = 𝐴
2

+ 𝐶

• Substitute 𝐶 = −𝐴 into the second equation:

1 = 𝐴
2

− 𝐴

1 = −𝐴
2

𝐴 = −2

• Consequently, 𝐶 = −(−2) = 2.

4. Final Equation of the Curve

Substitute 𝐴 = −2 and 𝐶 = 2 back into the logarithmic equation:

ln 𝑦 = −2√
𝑥

+ 2

To express 𝑦 in terms of 𝑥, take the exponential of both sides:

𝑦 = 𝑒2− 2√
𝑥

𝑦 = 𝑒2(1− 1√
𝑥)

5. Behavior as 𝑥 Tends to Infinity

We analyze the limit of the function as 𝑥 → ∞:



lim
𝑥→∞

𝑦 = lim
𝑥→∞

𝑒2− 2√
𝑥

As 𝑥 → ∞, 2√
𝑥

→ 0

lim
𝑥→∞

𝑦 = 𝑒2−0 = 𝑒2

As 𝑥 tends to infinity, 𝑦 approaches the constant value 𝑒2.

Final Answers:

(a) The equation of the curve is:

𝑦 = 𝑒2− 2√
𝑥

(b) As 𝑥 → ∞, 𝑦 approaches 𝑒2.
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Solution

1. Show that angle 𝐴𝐵𝐶 is a right angle

To show that ∠𝐴𝐵𝐶 is a right angle, we must demonstrate that the vectors forming the sides 

meeting at vertex 𝐵 are orthogonal. We define the vectors 𝐵𝐴 and 𝐵𝐶 using the given 

position vectors:

• 𝑂𝐴 = 2𝐢 + 0𝐣 + 5𝐤

• ⃗𝑂𝐵 = 3𝐢 + 2𝐣 + 3𝐤

• ⃗𝑂𝐶 = 1𝐢 + 1𝐣 + 1𝐤

The vectors 𝐵𝐴 and 𝐵𝐶 are calculated as follows:

𝐵𝐴 = 𝑂𝐴 − ⃗𝑂𝐵
= (2 − 3)𝐢 + (0 − 2)𝐣 + (5 − 3)𝐤
= −1𝐢 − 2𝐣 + 2𝐤

𝐵𝐶 = ⃗𝑂𝐶 − ⃗𝑂𝐵
= (1 − 3)𝐢 + (1 − 2)𝐣 + (1 − 3)𝐤
= −2𝐢 − 1𝐣 − 2𝐤

We use the scalar product (dot product) to check for orthogonality:

𝐵𝐴 ⋅ 𝐵𝐶 = (−1)(−2) + (−2)(−1) + (2)(−2)
= 2 + 2 − 4
= 0

Since the scalar product is zero, the vectors 𝐵𝐴 and 𝐵𝐶 are perpendicular. Thus, ∠𝐴𝐵𝐶 = 90∘.

2. Show that triangle 𝐴𝐵𝐶 is isosceles

A triangle is isosceles if at least two of its sides have equal length. We calculate the 

magnitudes of the vectors 𝐵𝐴 and 𝐵𝐶:

| 𝐵𝐴 | = √(−1)2 + (−2)2 + 22

=
√
1 + 4 + 4

=
√
9 = 3

| 𝐵𝐶 | = √(−2)2 + (−1)2 + (−2)2

=
√
4 + 1 + 4

=
√
9 = 3

Since | 𝐵𝐴 | = | 𝐵𝐶 | = 3, the triangle 𝐴𝐵𝐶 is isosceles.

3. Find the exact length of the perpendicular from 𝑂 to the line through 𝐵 and 𝐶

The line 𝐿 passing through 𝐵 and 𝐶 can be expressed in vector form as:



𝐫 = ⃗𝑂𝐵 + 𝜆(⃗𝑂𝐶 − ⃗𝑂𝐵)

Using 𝐵𝐶 = −2𝐢 − 𝐣 − 2𝐤 as the direction vector 𝐝:

𝐫 = (3𝐢 + 2𝐣 + 3𝐤) + 𝜆(−2𝐢 − 𝐣 − 2𝐤)

Let 𝑃  be the foot of the perpendicular from the origin 𝑂 to the line. The position vector of 𝑃  

is:

⃗𝑂𝑃 = (3 − 2𝜆)𝐢 + (2 − 𝜆)𝐣 + (3 − 2𝜆)𝐤

Since ⃗𝑂𝑃  is perpendicular to the line, its scalar product with the direction vector 𝐝 must be 

zero:

⃗𝑂𝑃 ⋅ 𝐝 = 0
(3 − 2𝜆)(−2) + (2 − 𝜆)(−1) + (3 − 2𝜆)(−2) = 0

−6 + 4𝜆 − 2 + 𝜆 − 6 + 4𝜆 = 0
9𝜆 − 14 = 0

𝜆 = 14
9

Substitute 𝜆 = 14
9  back into the expression for ⃗𝑂𝑃 :

⃗𝑂𝑃 = (3 − 2(14
9
))𝐢 + (2 − 14

9
)𝐣 + (3 − 2(14

9
))𝐤

= (27 − 28
9

)𝐢 + (18 − 14
9

)𝐣 + (27 − 28
9

)𝐤

= −1
9
𝐢 + 4

9
𝐣 − 1

9
𝐤

The length of the perpendicular is the magnitude | ⃗𝑂𝑃 |:

| ⃗𝑂𝑃 | = √(−1
9
)
2
+(4

9
)
2

+ (−1
9
)
2

= √ 1
81

+ 16
81

+ 1
81

= √18
81

= √2
9

=
√
2
3



√
2
3
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Solution

1. Expressing 𝑢 in Cartesian form

To express the complex number 𝑢 = 3𝑖
𝑎+2𝑖  in the form 𝑥 + 𝑖𝑦, we multiply the numerator and 

the denominator by the complex conjugate of the denominator, which is 𝑎 − 2𝑖.

𝑢 = 3𝑖
𝑎 + 2𝑖

⋅ 𝑎 − 2𝑖
𝑎 − 2𝑖

= 3𝑎𝑖 − 6𝑖2

𝑎2 − (2𝑖)2

= 3𝑎𝑖 − 6(−1)
𝑎2 − 4(−1)

= 6 + 3𝑎𝑖
𝑎2 + 4

Separating the real and imaginary parts:

𝑢 = 6
𝑎2 + 4

+ 𝑖( 3𝑎
𝑎2 + 4

)

Thus, the Cartesian form is:

𝑢 = 6
𝑎2 + 4

+ 𝑖 3𝑎
𝑎2 + 4

2. Finding the value of 𝑎 for arg 𝑢* = 1
3
𝜋

• Step 1: Relate arg 𝑢* to arg 𝑢. Using the properties of the argument of a complex number, 

we know that for any complex number 𝑧, arg 𝑧* = −arg 𝑧. Given arg 𝑢* = 1
3𝜋, it follows that:

arg 𝑢 = −1
3
𝜋

• Step 2: Express arg 𝑢 in terms of 𝑎. From the Cartesian form 𝑢 = 𝑥 + 𝑖𝑦 derived in part (i), 

we have:

𝑥 = 6
𝑎2 + 4

, 𝑦 = 3𝑎
𝑎2 + 4

Since 𝑎2 + 4 > 0 for all real 𝑎, the real part 𝑥 is always positive. This means 𝑢 lies in the first 

or fourth quadrant of the Argand diagram. The argument is given by:

tan(arg 𝑢) = 𝑦
𝑥

• Step 3: Solve for 𝑎. Substitute the expressions for 𝑥 and 𝑦:



tan(−1
3
𝜋) =

3𝑎
𝑎2+4
6

𝑎2+4

−
√
3 = 3𝑎

6

−
√
3 = 𝑎

2
𝑎 = −2

√
3

The exact value of 𝑎 is:

𝑎 = −2
√
3

2: Argand diagram and complex inequalities

Solution

1. Analysis of the Inequalities

The region in the Argand diagram is defined by the intersection of two complex inequalities.

• First Inequality: | 𝑧 − 2𝑖 | ≤ | 𝑧 − (1 + 𝑖) | This represents the set of points 𝑧 whose distance 

from 2𝑖 is less than or equal to their distance from 1 + 𝑖. The boundary | 𝑧 − 2𝑖 | = | 𝑧 − (1 +
𝑖) | is the perpendicular bisector of the line segment joining the points 𝐴(0, 2) and 𝐵(1, 1).
‣ Midpoint of 𝐴𝐵: 𝑀 = (0+12 ,

2+1
2 ) = (0.5, 1.5).

‣ Gradient of 𝐴𝐵: 𝑚𝐴𝐵 = 1−2
1−0 = −1.

‣ Gradient of the bisector: 𝑚⟂ = − 1
−1 = 1.

‣ Equation of the boundary line: 𝑦 − 1.5 = 1(𝑥 − 0.5)⟹ 𝑦 = 𝑥 + 1.



‣ Testing a point: For 𝑧 = 0 (the origin), | 0 − 2𝑖 | = 2 and | 0 − (1 + 𝑖) | =
√
2. Since 2 ≰

√
2, 

the origin is not in the region. The region is the half-plane above or on the line 𝑦 = 𝑥 + 1.
• Second Inequality: | 𝑧 − (2 + 𝑖) | ≤ 2 This represents the interior and boundary of a circle 

centered at 𝐶(2, 1) with a radius 𝑟 = 2.

2. Sketching the Region

The region is the intersection of the disk centered at (2, 1) with radius 2 and the half-plane 

defined by 𝑦 ≥ 𝑥 + 1.

3. Calculating the Least Value of arg 𝑧

The argument arg 𝑧 represents the angle the vector 𝑧 makes with the positive real axis. To 

find the least value of arg 𝑧 in the shaded region, we look for the point in the region that 

forms the smallest angle with the positive real axis.

• The shaded region is bounded by the arc of the circle | 𝑧 − (2 + 𝑖) | = 2 and the chord 𝑦 =
𝑥 + 1.

• The intersection points of the line 𝑦 = 𝑥 + 1 and the circle (𝑥 − 2)2 + (𝑦 − 1)2 = 4 are found 

by substitution:

(𝑥 − 2)2 + (𝑥 + 1 − 1)2 = 4

(𝑥 − 2)2 + 𝑥2 = 4

𝑥2 − 4𝑥 + 4 + 𝑥2 = 4
2𝑥2 − 4𝑥 = 0
2𝑥(𝑥 − 2) = 0

This gives 𝑥 = 0 (where 𝑦 = 1) and 𝑥 = 2 (where 𝑦 = 3). The intersection points are 𝑃1(0, 1) 
and 𝑃2(2, 3).

• The region consists of points 𝑧 = 𝑥 + 𝑖𝑦 such that (𝑥 − 2)2 + (𝑦 − 1)2 ≤ 4 and 𝑦 ≥ 𝑥 + 1.



• For any point 𝑧 in the first quadrant, arg 𝑧 = arctan(𝑦/𝑥). To minimize this, we want to 

minimize the slope of the line connecting the origin to 𝑧.

• Looking at the geometry, the point in the shaded region with the smallest angle is the 

intersection point 𝑃2(2, 3). Any other point in the shaded region (which lies “above” the line 

segment 𝑃1𝑃2 or on the arc) will have a larger ratio of 𝑦/𝑥.

• Specifically, at 𝑃1(0, 1), arg 𝑧 = 𝜋/2 ≈ 1.57 rad.

• At 𝑃2(2, 3), arg 𝑧 = arctan(3/2) ≈ 0.983 rad.

• We must also check if a line from the origin can be tangent to the circle within the shaded 

arc. A tangent from the origin to the circle (𝑥 − 2)2 + (𝑦 − 1)2 = 4 would satisfy the condition 

that the distance from (2, 1) to the line 𝑦 = 𝑚𝑥 is 2:

| 𝑚(2) − 1 |√
𝑚2 + 1

= 2

(2𝑚 − 1)2 = 4(𝑚2 + 1)

4𝑚2 − 4𝑚+ 1 = 4𝑚2 + 4
−4𝑚 = 3
𝑚 = −0.75

A negative slope corresponds to the fourth quadrant, which is outside our shaded region 

(𝑦 ≥ 𝑥 + 1). Thus, the minimum argument must occur at one of the “corners” of the region.

Comparing the arguments of the boundary points:

• For 𝑧 = 2 + 3𝑖: arg 𝑧 = arctan(1.5) ≈ 0.9828 rad.

• For 𝑧 = 0 + 𝑖: arg 𝑧 = 𝜋/2 ≈ 1.5708 rad.

The least value is at 𝑧 = 2 + 3𝑖.

arg 𝑧 = arctan(1.5) ≈ 0.983 rad
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	9709_32_Summer_2022_Q1
	1: Solve logarithmic equation
	Solution


	9709_32_Summer_2022_Q2
	1: Solve trigonometric equation
	Solution


	9709_32_Summer_2022_Q3
	1: Find polynomial coefficients
	Solution


	9709_32_Summer_2022_Q4
	1: Find x-coordinate of stationary point
	Solution


	9709_32_Summer_2022_Q5
	1: Solve equation using iteration
	Solution


	9709_32_Summer_2022_Q6
	1: Solve differential equation
	Solution


	9709_32_Summer_2022_Q7
	1: Implicit differentiation and tangent lines
	Solution


	9709_32_Summer_2022_Q8
	1: Partial fraction decomposition and integration
	Solution


	9709_32_Summer_2022_Q9
	1: Vector equations of lines
	Solution


	9709_32_Summer_2022_Q10
	1: Complex numbers and polynomial roots
	Solution



	9709_33_Summer_2022
	9709_33_Summer_2022_Q1
	1: Solve absolute value inequality
	Solution


	9709_33_Summer_2022_Q2
	1: Solve trigonometric equation
	Solution


	9709_33_Summer_2022_Q3
	1: Solve logarithmic equation
	Solution


	9709_33_Summer_2022_Q4
	1: Find stationary points of curve
	Solution


	9709_33_Summer_2022_Q5
	1: Complex numbers and Argand diagram
	Solution


	9709_33_Summer_2022_Q6
	1: Parametric equations and tangent
	Solution


	9709_33_Summer_2022_Q7
	1: Partial fractions and expansion
	Solution


	9709_33_Summer_2022_Q8
	1: Solve differential equation for insect population
	Solution


	9709_33_Summer_2022_Q9
	1: Vector operations and reflection
	Solution


	9709_33_Summer_2022_Q10
	1: Solve integral equation for a
	Solution



	9709_31_Winter_2022
	9709_31_Winter_2022_Q1
	1: Graph and solve inequality
	Solution


	9709_31_Winter_2022_Q2
	1: Shade region on Argand diagram
	Solution


	9709_31_Winter_2022_Q3
	1: Solve exponential equation
	Solution


	9709_31_Winter_2022_Q4
	1: Solve trigonometric equation
	Solution


	9709_31_Winter_2022_Q5
	1: Complex numbers operations
	Solution


	9709_31_Winter_2022_Q6
	1: Prove trigonometric identity and solve equation
	Solution


	9709_31_Winter_2022_Q7
	1: Curve gradient and iteration
	Solution


	9709_31_Winter_2022_Q8
	1: Solve differential equation
	Solution


	9709_31_Winter_2022_Q9
	1: Find coordinates and area
	Solution


	9709_31_Winter_2022_Q10
	1: Express function in partial fractions
	Solution


	9709_31_Winter_2022_Q11
	1: Vector operations in 3D
	Solution



	9709_32_Winter_2022
	9709_32_Winter_2022_Q1
	1: Solve exponential equation
	Solution


	9709_32_Winter_2022_Q2
	1: Polynomial factor and inequality
	Solution


	9709_32_Winter_2022_Q3
	1: Find x-coordinate of stationary point
	Solution


	9709_32_Winter_2022_Q4
	1: Express and solve trigonometric equation
	Solution


	9709_32_Winter_2022_Q5
	1: Solve complex quadratic equation
	Solution


	9709_32_Winter_2022_Q6
	1: Vector operations and area of triangle
	Solution


	9709_32_Winter_2022_Q7
	1: Solve differential equation
	Solution


	9709_32_Winter_2022_Q8
	1: Calculate area under curve
	Solution


	9709_32_Winter_2022_Q9
	1: Calculate area of semicircle segment
	Solution


	9709_32_Winter_2022_Q10
	1: Partial fractions and definite integral
	Solution



	9709_33_Winter_2022
	9709_33_Winter_2022_Q1
	1: Solve logarithmic equation
	Solution


	9709_33_Winter_2022_Q2
	1: Expand expression in ascending powers
	Solution


	9709_33_Winter_2022_Q3
	1: Evaluate definite integral
	Solution


	9709_33_Winter_2022_Q4
	1: Differentiate parametric equations
	Solution


	9709_33_Winter_2022_Q5
	1: Shade region and find arg z
	Solution


	9709_33_Winter_2022_Q6
	1: Solve quadratic equation
	Solution


	9709_33_Winter_2022_Q7
	1: Solve trigonometric equation
	Solution


	9709_33_Winter_2022_Q8
	1: Stationary point of a curve
	Solution


	9709_33_Winter_2022_Q9
	1: Vector operations and equations
	Solution


	9709_33_Winter_2022_Q10
	1: Solve differential equation
	Solution


	9709_33_Winter_2022_Q11
	1: Partial fractions and integration
	Solution




	9709_P3_2023
	9709_31_Summer_2023
	9709_31_Summer_2023_Q1
	1: Solve exponential equation
	Solution


	9709_31_Summer_2023_Q2
	1: Graph and solve inequality
	Solution


	9709_31_Summer_2023_Q3
	1: Find coefficient of x^3 in binomial expansion
	Solution


	9709_31_Summer_2023_Q4
	1: Solve trigonometric equation
	Solution


	9709_31_Summer_2023_Q5
	1: Differentiate implicit function
	Solution


	9709_31_Summer_2023_Q6
	1: Vectors and Parallelogram Properties
	Solution


	9709_31_Summer_2023_Q7
	1: Solve differential equation
	Solution


	9709_31_Summer_2023_Q8
	1: Partial fractions and integration
	Solution


	9709_31_Summer_2023_Q9
	1: Solve integral equation for a
	Solution


	9709_31_Summer_2023_Q10
	1: Polynomial roots and factors
	Solution



	9709_32_Summer_2023
	9709_32_Summer_2023_Q1
	1: Solve absolute value inequality
	Solution


	9709_32_Summer_2023_Q2
	1: Solve logarithmic equation
	Solution


	9709_32_Summer_2023_Q3
	1: Complex numbers locus and modulus
	Solution


	9709_32_Summer_2023_Q4
	1: Solve trigonometric equation
	Solution


	9709_32_Summer_2023_Q5
	1: Complex number operations
	Solution


	9709_32_Summer_2023_Q6
	1: Solve trigonometric equation iteratively
	Solution


	9709_32_Summer_2023_Q7
	1: Implicit differentiation and tangent
	Solution


	9709_32_Summer_2023_Q8
	1: Solve differential equation
	Solution


	9709_32_Summer_2023_Q9
	1: Partial fractions and integration
	Solution


	9709_32_Summer_2023_Q10
	1: Find coordinates and area by integration
	Solution


	9709_32_Summer_2023_Q11
	1: Vector geometry and lines
	Solution



	9709_33_Summer_2023
	9709_33_Summer_2023_Q1
	1: Solve logarithmic equation
	Solution


	9709_33_Summer_2023_Q2
	1: Polynomial division
	Solution


	9709_33_Summer_2023_Q3
	1: Shade region on Argand diagram
	Solution


	9709_33_Summer_2023_Q4
	1: Differentiate parametric equations
	Solution


	9709_33_Summer_2023_Q5
	1: Iterative formula for maximum point
	Solution


	9709_33_Summer_2023_Q6
	1: Express and solve trigonometric equation
	Solution


	9709_33_Summer_2023_Q7
	1: Evaluate definite integral using substitution
	Solution


	9709_33_Summer_2023_Q8
	1: Solve differential equation
	Solution


	9709_33_Summer_2023_Q9
	1: Vector lines and perpendicularity
	Solution


	9709_33_Summer_2023_Q10
	1: Partial fractions and expansion
	Solution


	9709_33_Summer_2023_Q11
	1: Complex number operations
	Solution



	9709_31_Winter_2023
	9709_31_Winter_2023_Q1
	1: Find coordinates of points
	Solution


	9709_31_Winter_2023_Q2
	1: Shade region on Argand diagram
	Solution


	9709_31_Winter_2023_Q3
	1: Find constants from linear plot
	Solution


	9709_31_Winter_2023_Q4
	1: Complex number operations
	Solution


	9709_31_Winter_2023_Q5
	1: Solve trigonometric equation
	Solution


	9709_31_Winter_2023_Q6
	1: Parametric curve differentiation
	Solution


	9709_31_Winter_2023_Q7
	1: Solve differential equation
	Solution


	9709_31_Winter_2023_Q8
	1: Solve equation using iteration
	Solution


	9709_31_Winter_2023_Q9
	1: Find coordinates and area
	Solution


	9709_31_Winter_2023_Q10
	1: Partial fractions and expansion
	Solution


	9709_31_Winter_2023_Q11
	1: Vector geometry in a cuboid
	Solution



	9709_32_Winter_2023
	9709_32_Winter_2023_Q1
	1: Graph and solve inequality with absolute value
	Solution


	9709_32_Winter_2023_Q2
	1: Find gradient of parametric curve
	Solution


	9709_32_Winter_2023_Q3
	1: Find polynomial coefficients
	Solution


	9709_32_Winter_2023_Q4
	1: Shade region and find arg z
	Solution


	9709_32_Winter_2023_Q5
	1: Evaluate definite integral
	Solution


	9709_32_Winter_2023_Q6
	1: Solve trigonometric equation
	Solution


	9709_32_Winter_2023_Q7
	1: Prove trigonometric identity and solve equation
	Solution


	9709_32_Winter_2023_Q8
	1: Complex number equation
	Solution


	9709_32_Winter_2023_Q9
	1: Calculate area under curve
	Solution


	9709_32_Winter_2023_Q10
	1: Vector equations of lines and angle
	Solution


	9709_32_Winter_2023_Q11
	1: Solve differential equation
	Solution



	9709_33_Winter_2023
	9709_33_Winter_2023_Q1
	1: Solve exponential inequality
	Solution


	9709_33_Winter_2023_Q2
	1: Shade region on Argand diagram
	Solution


	9709_33_Winter_2023_Q3
	1: Find polynomial constants
	Solution


	9709_33_Winter_2023_Q4
	1: Solve quadratic equation
	Solution


	9709_33_Winter_2023_Q5
	1: Find stationary points of curve
	Solution


	9709_33_Winter_2023_Q6
	1: Solve trigonometric equation
	Solution


	9709_33_Winter_2023_Q7
	1: Implicit Differentiation and Tangents
	Solution


	9709_33_Winter_2023_Q8
	1: Solve differential equation
	Solution


	9709_33_Winter_2023_Q9
	1: Partial fractions and expansion
	Solution


	9709_33_Winter_2023_Q10
	1: Curve tangent and area
	Solution


	9709_33_Winter_2023_Q11
	1: Vector line properties
	Solution




	9709_P3_2024
	9709_31_Summer_2024
	9709_31_Summer_2024_Q1
	1: Expand binomial expression
	Solution


	9709_31_Summer_2024_Q2
	1: Solve logarithmic equation
	Solution


	9709_31_Summer_2024_Q3
	1: Find constants from linear graph
	Solution


	9709_31_Summer_2024_Q4
	1: Complex number operations
	Solution


	9709_31_Summer_2024_Q5
	1: Differentiate and find stationary points
	Solution


	9709_31_Summer_2024_Q6
	1: Solve equation using iteration
	Solution


	9709_31_Summer_2024_Q7
	1: Sketch loci and find least value
	Solution


	9709_31_Summer_2024_Q8
	1: Evaluate definite integral
	Solution


	9709_31_Summer_2024_Q9
	1: Vector equations of lines
	Solution


	9709_31_Summer_2024_Q10
	1: Differentiate and integrate function
	Solution


	9709_31_Summer_2024_Q11
	1: Solve differential equation for plant infection
	Solution



	9709_32_Summer_2024
	9709_32_Summer_2024_Q1
	1: Sketch graph and solve inequality
	Solution


	9709_32_Summer_2024_Q2
	1: Express in partial fractions
	Solution


	9709_32_Summer_2024_Q3
	1: Convert exponential to linear form
	Solution


	9709_32_Summer_2024_Q4
	1: Find gradient of curve
	Solution


	9709_32_Summer_2024_Q5
	1: Solve equation using iteration
	Solution


	9709_32_Summer_2024_Q6
	1: Find coordinates and integral value
	Solution


	9709_32_Summer_2024_Q7
	1: Trigonometric identity and integral
	Solution


	9709_32_Summer_2024_Q8
	1: Vector equation and intersection
	Solution


	9709_32_Summer_2024_Q9
	1: Complex numbers operations
	Solution


	9709_32_Summer_2024_Q10
	1: Solve differential equation
	Solution



	9709_33_Summer_2024
	9709_33_Summer_2024_Q1
	1: Solve exponential equation
	Solution


	9709_33_Summer_2024_Q2
	1: Find stationary point coordinates
	Solution


	9709_33_Summer_2024_Q3
	1: Find square roots of complex number
	Solution


	9709_33_Summer_2024_Q4
	1: Find constants from linear graph
	Solution


	9709_33_Summer_2024_Q5
	1: Express in partial fractions
	Solution


	9709_33_Summer_2024_Q6
	1: Shade region and find arg z
	Solution


	9709_33_Summer_2024_Q7
	1: Factor and solve polynomial equation
	Solution


	9709_33_Summer_2024_Q8
	1: Express trigonometric function
	Solution


	9709_33_Summer_2024_Q9
	1: Solve differential equation for cuboid volume
	Solution


	9709_33_Summer_2024_Q10
	1: Vector lines angle and intersection
	Solution


	9709_33_Summer_2024_Q11
	1: Evaluate definite integral
	Solution



	9709_31_Winter_2024
	9709_31_Winter_2024_Q1
	1: Find polynomial constants
	Solution


	9709_31_Winter_2024_Q2
	1: Evaluate definite integral
	Solution


	9709_31_Winter_2024_Q3
	1: Find gradient of curve
	Solution


	9709_31_Winter_2024_Q4
	1: Trigonometric identity and equation
	Solution


	9709_31_Winter_2024_Q5
	1: Solve equation using iteration
	Solution


	9709_31_Winter_2024_Q6
	1: Analyze trigonometric curve
	Solution


	9709_31_Winter_2024_Q7
	1: Partial fractions and series expansion
	Solution


	9709_31_Winter_2024_Q8
	1: Complex number properties and loci
	Solution


	9709_31_Winter_2024_Q9
	1: Vector equation and angle
	Solution


	9709_31_Winter_2024_Q10
	1: Water tank differential equation
	Solution



	9709_32_Winter_2024
	9709_32_Winter_2024_Q1
	1: Expand binomial expression
	Solution


	9709_32_Winter_2024_Q2
	1: Analyze trigonometric equation
	Solution


	9709_32_Winter_2024_Q3
	1: Find square roots of complex number
	Solution


	9709_32_Winter_2024_Q4
	1: Solve exponential equation
	Solution


	9709_32_Winter_2024_Q5
	1: Complex number properties
	Solution


	9709_32_Winter_2024_Q6
	1: Find values of a and b from graph
	Solution


	9709_32_Winter_2024_Q7
	1: Solve trigonometric equation
	Solution


	9709_32_Winter_2024_Q8
	1: Parametric curve differentiation and normal equation
	Solution


	9709_32_Winter_2024_Q9
	1: Vector operations and geometry
	Solution


	9709_32_Winter_2024_Q10
	1: Solve differential equation for balloon
	Solution


	9709_32_Winter_2024_Q11
	1: Differentiate and integrate function
	Solution



	9709_33_Winter_2024
	9709_33_Winter_2024_Q1
	1: Locus of complex numbers
	Solution


	9709_33_Winter_2024_Q2
	1: Iterative formula for root finding
	Solution


	9709_33_Winter_2024_Q3
	1: Model bacteria population
	Solution


	9709_33_Winter_2024_Q4
	1: Solve complex number equation
	Solution


	9709_33_Winter_2024_Q5
	1: Prove trigonometric identity and solve
	Solution


	9709_33_Winter_2024_Q6
	1: Vector equations of lines
	Solution


	9709_33_Winter_2024_Q7
	1: Parametric equations and normal line
	Solution


	9709_33_Winter_2024_Q8
	1: Partial fractions and expansion
	Solution


	9709_33_Winter_2024_Q9
	1: Find quotient and remainder
	Solution


	9709_33_Winter_2024_Q10
	1: Water tank volume change
	Solution


	9709_33_Winter_2024_Q11
	1: Analyze curve and find area
	Solution




	9709_P3_2025
	9709_31_Summer_2025
	9709_31_Summer_2025_Q1
	1: Graph and solve inequality
	Solution


	9709_31_Summer_2025_Q2
	1: Solve logarithmic equation for q
	Solution


	9709_31_Summer_2025_Q3
	1: Find complex numbers
	Solution


	9709_31_Summer_2025_Q4
	1: Find tangent equation from parametric
	Solution


	9709_31_Summer_2025_Q5
	1: Find polynomial constants
	Solution


	9709_31_Summer_2025_Q6
	1: Complex Numbers Operations
	Solution


	9709_31_Summer_2025_Q7
	1: Trigonometric expression and equation
	Solution


	9709_31_Summer_2025_Q8
	1: Vector equation and intersection
	Solution


	9709_31_Summer_2025_Q9
	1: Evaluate definite integral
	Solution


	9709_31_Summer_2025_Q10
	1: Solve differential equation
	Solution


	9709_31_Summer_2025_Q11
	1: Curve analysis and volume of revolution
	Solution



	9709_32_Summer_2025
	9709_32_Summer_2025_Q1
	1: Solve exponential equation
	Solution


	9709_32_Summer_2025_Q2
	1: Expand and state validity range
	Solution


	9709_32_Summer_2025_Q3
	1: Shade region on Argand diagram
	Solution


	9709_32_Summer_2025_Q4
	1: Solve trigonometric equation
	Solution


	9709_32_Summer_2025_Q5
	1: Find square roots of complex number
	Solution


	9709_32_Summer_2025_Q6
	1: Solve equation using graphs and iteration
	Solution


	9709_32_Summer_2025_Q7
	1: Trigonometric expression and equation
	Solution


	9709_32_Summer_2025_Q8
	1: Solve differential equation
	Solution


	9709_32_Summer_2025_Q9
	1: Vector operations and area of triangle
	Solution


	9709_32_Summer_2025_Q10
	1: Polynomial division and integral
	Solution


	9709_32_Summer_2025_Q11
	1: Find x-coordinate and area
	Solution



	9709_33_Summer_2025
	9709_33_Summer_2025_Q1
	1: Sketch graph and solve inequality
	Solution


	9709_33_Summer_2025_Q2
	1: Solve logarithmic equation
	Solution


	9709_33_Summer_2025_Q3
	1: Evaluate definite integral
	Solution


	9709_33_Summer_2025_Q4
	1: Complex numbers and quadratic equations
	Solution


	9709_33_Summer_2025_Q5
	1: Implicit differentiation and tangent gradients
	Solution


	9709_33_Summer_2025_Q6
	1: Find complex numbers
	Solution


	9709_33_Summer_2025_Q7
	1: Partial fractions and expansion
	Solution


	9709_33_Summer_2025_Q8
	1: Prove trigonometric identity
	Solution


	9709_33_Summer_2025_Q9
	1: Vector equation and reflection
	Solution


	9709_33_Summer_2025_Q10
	1: Solve differential equation
	Solution


	9709_33_Summer_2025_Q11
	1: Analyze curve and iterative formula
	Solution



	9709_35_Summer_2025
	9709_35_Summer_2025_Q1
	1: Solve exponential equation
	Solution


	9709_35_Summer_2025_Q2
	1: Solve trigonometric equation
	Solution


	9709_35_Summer_2025_Q3
	1: Complex numbers operations
	Solution


	9709_35_Summer_2025_Q4
	1: Find stationary point coordinates
	Solution


	9709_35_Summer_2025_Q5
	1: Complex numbers locus
	Solution


	9709_35_Summer_2025_Q6
	1: Parametric curve differentiation
	Solution


	9709_35_Summer_2025_Q7
	1: Calculate gradient and definite integral
	Solution


	9709_35_Summer_2025_Q8
	1: Solve trigonometric equation using iteration
	Solution


	9709_35_Summer_2025_Q9
	1: Partial fractions and expansion
	Solution


	9709_35_Summer_2025_Q10
	1: Vector operations and rhombus properties
	Solution


	9709_35_Summer_2025_Q11
	1: Solve differential equation
	Solution



	9709_31_Winter_2025
	9709_31_Winter_2025_Q1
	1: Evaluate definite integral
	Solution


	9709_31_Winter_2025_Q2
	1: Solve logarithmic equation
	Solution


	9709_31_Winter_2025_Q3
	1: Express and solve trigonometric eq
	Solution


	9709_31_Winter_2025_Q4
	1: Find x-coordinate of maximum point
	Solution


	9709_31_Winter_2025_Q5
	1: Complex numbers in Argand diagram
	Solution


	9709_31_Winter_2025_Q6
	1: Solve quadratic equation
	Solution


	9709_31_Winter_2025_Q7
	1: Differentiate parametric equations
	Solution


	9709_31_Winter_2025_Q8
	1: Solve differential equation
	Solution


	9709_31_Winter_2025_Q9
	1: Solve equation using iteration
	Solution


	9709_31_Winter_2025_Q10
	1: Partial fractions and expansion
	Solution


	9709_31_Winter_2025_Q11
	1: Vector equation and intersection
	Solution



	9709_32_Winter_2025
	9709_32_Winter_2025_Q1
	1: Sketch graph and solve inequality
	Solution


	9709_32_Winter_2025_Q2
	1: Solve exponential equation
	Solution


	9709_32_Winter_2025_Q3
	1: Complex numbers and Argand diagram
	Solution


	9709_32_Winter_2025_Q4
	1: Evaluate definite integral
	Solution


	9709_32_Winter_2025_Q5
	1: Factor of polynomial derivative
	Solution

	2: Find polynomial constants
	Solution


	9709_32_Winter_2025_Q6
	1: Solve trigonometric equation numerically
	Solution


	9709_32_Winter_2025_Q7
	1: Implicit Differentiation and Normals
	Solution


	9709_32_Winter_2025_Q8
	1: Prove trigonometric identity and evaluate integral
	Solution


	9709_32_Winter_2025_Q9
	1: Partial fractions and integration
	Solution


	9709_32_Winter_2025_Q10
	1: Water tank differential equation
	Solution


	9709_32_Winter_2025_Q11
	1: Vector operations and area
	Solution



	9709_33_Winter_2025
	9709_33_Winter_2025_Q1
	1: Solve absolute value inequality
	Solution


	9709_33_Winter_2025_Q2
	1: Find quotient and remainder of polynomial division
	Solution


	9709_33_Winter_2025_Q3
	1: Solve exponential equation
	Solution


	9709_33_Winter_2025_Q4
	1: Shade region on Argand diagram
	Solution


	9709_33_Winter_2025_Q5
	1: Trigonometric identity and equation
	Solution


	9709_33_Winter_2025_Q6
	1: Evaluate definite integral
	Solution


	9709_33_Winter_2025_Q7
	1: Solve complex equation
	Solution


	9709_33_Winter_2025_Q8
	1: Stationary point and iterative formula
	Solution


	9709_33_Winter_2025_Q9
	1: Vector equations and intersection
	Solution


	9709_33_Winter_2025_Q10
	1: Solve differential equation
	Solution


	9709_33_Winter_2025_Q11
	1: Find x-coordinate and area
	Solution



	9709_35_Winter_2025
	9709_35_Winter_2025_Q1
	1: Graph and solve inequality
	Solution


	9709_35_Winter_2025_Q2
	1: Shade region on Argand diagram
	Solution


	9709_35_Winter_2025_Q3
	1: Analyze exponential relationship
	Solution


	9709_35_Winter_2025_Q4
	1: Find gradient of curve
	Solution


	9709_35_Winter_2025_Q5
	1: Solve complex number equation
	Solution


	9709_35_Winter_2025_Q6
	1: Differentiate trigonometric function
	Solution


	9709_35_Winter_2025_Q7
	1: Evaluate definite integral by substitution
	Solution


	9709_35_Winter_2025_Q8
	1: Express trigonometric function
	Solution


	9709_35_Winter_2025_Q9
	1: Vector equations of lines
	Solution


	9709_35_Winter_2025_Q10
	1: Solve integral equation iteratively
	Solution


	9709_35_Winter_2025_Q11
	1: Solve differential equation for fungal disease
	Solution







